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František Maršík1,2 Tomáš Němec 1,2 Michal Pavelka 1,3

1University of West Bohemia in Pilsen, CZ

2Institute of Thermomechanics AS CR, CZ

3Faculty of Mathematical and Physics Charles University in Prague,CZ

IAPWS Meetings, Boulder, Colorado.
30th September - 5th October 2012, Millennium Harvest House Hotel

F. Maršík (IT ASCR & UWB in Pilsen ) HFC efficiency IAPWS Meeting 2012 1 / 35



Outline

1 Energy conversion and its future modifications

2 Energy in chemical bounds

3 Fuel cells concept and its application

4 Low Temperature Hydrogen Fuel Cells

5 Theory of mixture
The entropy production
Thermodynamic forces and fluxes

6 Efficiency of HFC and maximum coupling

7 Efficiency enhancement by capillarity

8 Summary

F. Maršík (IT ASCR & UWB in Pilsen ) HFC efficiency IAPWS Meeting 2012 2 / 35



Energy conversion and its future modifications
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Various energy forms

F. Maršík (IT ASCR & UWB in Pilsen ) HFC efficiency IAPWS Meeting 2012 4 / 35



Various form of energy utilization
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Energy in chemical bounds
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Efficiency of fuel combustion
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Performance of fuel cells
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Fuel tested for everyday application
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Thermal efficiency versus Temperature
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Low Temperature Hydrogen Fuel Cells-LTHFC

Thermodynamic analysis of the transport processes in the Hydrogen
Fuel Cells (HFC) is oriented to the following items:

to formulate adequate theory of mixture, which include such
internal processes like capillary flow and swelling
to derive the entropy production for the HFC and to define all
relevant thermodynamic forces and fluxes
to estimate the maximum efficiency of the HFC and especially of
the Polymer Electrolyte Membrane (PEM)
to find the maximum coupling between diffusion flux end electric
flux
to estimate the possible enhancement by the capillary action of
water
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Standard electrochemical analysis of fuel cells
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Standard electrochemical analysis of fuel cells
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HFC structure and corresponding relevant processes.
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Standard fuel cell measurement
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Theory of mixture

Gibbs definition of entropy

T ṡ = u̇ − tel

ρ
ė−

∑
µαẇα (1)

where (̇) is material (Euler) derivative.
All extensive quantities for mixture depends on a mass fraction

wα =
ρα
ρ
, for ρα = Mαcα, ρ =

∑
α

ρα (2)

Here ρα
[
kg/m3] is density, cα

[
kmol/m3] is molar concentration and

Mα [kg/kmol] is molecular mass of chemical component α. Analogously
is introduced volume fraction
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Internal energy, deformation and entropy

u =
∑
α

wαuα, e =
∑
α

wαeα, s =
∑
α

wαsα (3)

Euler deformation tensor e is symmetrical tensor for solids and it
shrinks for fluids in the tr e = e(1) and then the specific volume can be
replaced by

e(1)

ρ
⇒ v =

1
ρ

=
∑
α

wαvα (4)

Stress tensor has different form for solids

tel = p
(
e(1),T

)
I+

(o)

t el (5)

and for fluids
tel = −p(ρ,T )I (6)
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Entropy flux and entropy production.

Entropy flux is

j(s) =
(jq −

∑
α jDαµα +

∑
jDα(uαI− tα/ρα))

T
(7)

and entropy production

σ(s) =

[
jq +

∑
jDα(uα −

tα
ρα

)

]
∇
(

1
T

)
+

[
tdis −

∑
α

ραvDα ⊗ vDα

]
: d

−
∑

jDα

[
∇
(µα

T

)
+

Fα
T

+
ΓΓΓα
T

]
+
∑
ρ

Aρζ̇ρ
T
≥ 0 (8)

The last inequality is an alternative form of II. law of thermodynamics.
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Transport phenomena J and Driving forces X.

heat jq ∇
( 1

T

)
visco-plastic

- for solids tdis
(
T ,d, ṫdis

) d
T

- for fluids pdis
divv
T

- viscosity tdis −
∑
α ραvDα ⊗ vDα

(o)
d
T

- swelling tel α + tdis α −vDα∇( 1
T )

concentration diffusion jDα

(∇µα
T

)
thermodiffusion jDα (uα − µα)∇

( 1
T

)
electric current je,α

Fα
T = − zαF

MαT∇ϕ

capillary flux jDc
ΓcΓcΓc
T = + 1

T∇(σ · a)

chemical reaction and phase transition ζ̇ρ
Aρ

T

Tab. 1. Independent thermodynamic forces and fluxes
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General form of transport properties of PEM

General linearized form of all these processes for an isothermal state is

jDw = −Lww

T
∇µw −

LwH+ F
TMH+

∇ϕ− Lwc

T
∇(σa)

jDH+ = je
MH+

F
= −LH+w

T
∇µw −

LH+H+ F
TMH+

∇ϕ− LH+c

T
∇(σa)

jc = −Lcw

T
∇µw −

LcH+ F
TMH+

∇ϕ− Lcc

T
∇(σa) (9)

Here the fluxes jDw , jDH+ , jc have physical dimension
[
kg/m2s

]
and electric current

density je
[
A/m2]. All phenomenological coefficients

L =

 Lww , LwH+ , Lwc

LH+w , LH+H+ , LH+c

Lcw , LcH+ , Lcc

 [
kg · K · s

m3

]
(10)

have the same physical dimension and the application of Onsager reciprocal relations
Lij = Lji is possible.
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Coefficients of diffusion and conductivity in PEM
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Coefficients for different molecular mechanisms

surface diff. Grotthus diff. En masse diff.

step time τ [ps] 1610 1.5 5.78

step distance lmol [nm] 0.255 0.255 0.28

Diffusion coef. Dα [cm2/s] 0.006 7.22 2.26

Conductivity σH+

wH+
[S/cm] 0.057 2.24 0.703

MH+ = 1, T = 360 K

Conductivity
σH3O+

wH3O+
[S/cm] 0.0003 0.12 0.037

MH3O+ = 19, T = 360 K

Tab 2. Diffusion coefficients and electric conductivity for different mechanism are
calculated by Einstein - Smoluchowski formula. The experimental values of the proton

conductivity (see Choi P. at al. 2005) of the Nafion EW 1100 are very close to the
value 0.12 S/cm for the hydronium ion H3O+.
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Fuel cell efficiency

The thermal efficiency ηt =
electric output
energy input = We

∆H , where We is an electric work and
dWe

dt = −i∇φ [W] is generated electric power.
The maximal possible (theoretical) efficiency of a chemical transformation is
formulated as ηtheor = ∆G

∆H . The thermal efficiency can be expressed from the balance
of energy

T ∆S = ∆H −We or ηt = 1− T ∆S
∆H

applying the change of the Gibbs free enthalpy ∆G = ∆H − T ∆S − S∆T . The
theoretical efficiency is

ηtheor =
∆G
∆H

=
∆H − T ∆S − S∆T

∆H
=

We − S∆T
∆H

= ηt (q)(1− δ(q)) for δ(q) =
S∆T
We
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Thermal efficiency

Entropy production

σ(s) = tdis : d− Jw Xw − JeXe +
∑
ρ

Aρζ̇ρ
T
≥ 0

Thermal efficiency

ηt =
We

∆H
=
−T XeJe

∆H
= 1− Jw Xw + JeXe

XeJe
ηt = 1− ηt

ε

where

ε =
XeJe

Jw Xw + JeXe
=

XeJe

Jw Xw

(
1 +

XeJe

Jw Xw

)−1

so that
ηt =

ε

ε+ 1
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Membrane efficiency and coupling

The ratio
ηm =

XeJe

Jw Xw
=
−We

∆Hm
=

ε

1− ε =
ηt

1− 2ηt

is the efficiency of the PEM only. ∆Hm is the change of the enthalpy of the consumed
Hydrogen.
The corresponding electrical work in Volts for 1 mol of Hydrogen is
∆Hm = 286.02[kJ/mol]/(2 · 96.48) = 1.481[V ].
Coupling coefficient q and force ratio y

q =
L̂wH3O+√

L̂ww L̂H3O+H3O+

, y =

√
L̂H3O+H3O+ Xe√

L̂ww Xw

=

√
L̂H3O+H3O+√

L̂ww

ZF∇φ
∇ (µw + aσ)
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Maximal efficiency and maximal coupling

dηt

dy
= 0, i.e., y1 =

−1 +
√

1− q2

q
and y2 =

−1−
√

1− q2

q

ηt max =
y2

1

y2
1 + y2

2 − 1
and ηm max = y2

1

Maximum coupling condition for Hydronium ions H3O+

Je = −L̂H3O+w Xw = −ρH3O+w MH3O+ DH3O+

RT
∇(µw + aσ)

Diffusion coefficients by Tab. 2 are DH3O+ = 7.22 · 10−5 cm2/s- Grotthus mechanism
and for water we put Dw = 2.26 · 10−5 cm2/s - this value corresponds to the
self-diffusion . The coupling coefficient q is by the definition

q =
L̂H3O+w√

L̂ww L̂H3O+w

=

√
(1− ww )MH3O+ DH3O+

ww Mw Dw
=

√
3.37

1− ww

ww

The maximum coupling q = 1 is reached for the ww = 0.77, in the other words; the
maximum coupling is reached when 23% of water is ionized to the Hydronium.
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Coupling coefficient–efficiency dependence

Figure: The influence of coupling coefficient on the values of the thermal
efficiency of Hydrogen fuel cell and on the efficiency of PEM.
F. Maršík (IT ASCR & UWB in Pilsen ) HFC efficiency IAPWS Meeting 2012 29 / 35



FC efficiencies close to operating conditions

The thermal and PEM efficiencies close to the operation conditions; the relative losses
δ(q) of the enthalpy ∆H express the multiple of the output electric power We.
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Water transport enhanced by capillarity

Capillary flux in the pore of the radius rp is driven by surface tension σw of liquid water,
which has the kinematic viskosity νw , is given by

jc = −Lcc

T
d(σw am)

dz
= −

r 2
p

8νw

d
dz

(
σw

dA
dV

)
= −

r 2
p

8νw

d
dz

(ρmσw am)

and can be enhanced by the change of surface tension σw (z) or by the membrane
porosity vm(z) in the flow direction

d
dz

(
σ

dA
dV

)
=

d
dz

(σ(z)vm(z)) = vm(z)
dσ(z)

dz
+ σ(z)

dvm(z)

dz
< 0
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Surface tension drives the water in pores

jc = −
r 2
p

8νw

d
dz

(
σ

dA
dV

)
=∼ 2 · 10−5 (σ(z + ∆z)− σ(z))

σ∆z
.

= 2 · 10−5 (0.9− 1)

10−5

kg
m2s

= 0.02
g

cm2s

The experimental investigation of this phenomenon is in progress.
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Summary

the entropy production contains all relevant processes, including the water
diffusivity, electric conductivity in membrane and capillary action of the water in
membrane pores, the chemical reaction at the electrodes and structural changes
(swelling) in the PEM are included.

the thermal efficiency of the whole FC and the efficiency of the PEM are
analyzed in detail and the conditions for their maximum are formulated

from the condition for maximal coupling between water diffusion flux in the PEM
and corresponding maximal electric density flux, the optimal concentration of
Hydronium ions in water is specified

the influence of capillarity of water for the typical Nafion membrane structure is
appointed and possibilities of its enhancement are formulated
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For Further Reading II
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